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Abstract:

In this paper, we obtain the bounds of the domination number in operations on bipolar fuzzy graphs like join,
Cartesian product, composition, cross product and strong product.

Key Words: Bipolar fuzzy graphs, Domination & Domination Number

1. Introduction:

The first definition of fuzzy graphs was proposed by Kafmann, from the fuzzy relations introduced by Zadeh.
Although Rosenfeld introduced another elaborated definition, including fuzzy vertex and fuzzy edges, and
several fuzzy analogs of graph theoretic concepts such as paths, cycles, connectedness and etc. The concept of
domination in fuzzy graphs was investigated by A. Somasundaram, S. Somasundaram and A. Somasundaram
present the concepts of independent domination, total domination, connected domination of fuzzy graphs.
Akram introduced the concept of bipolar fuzzy graphs, he discussed the concept of isomorphism of these
graphs, and investigated some of their important properties, also defined some operations on bipolar fuzzy
graphs. In this paper, we obtain the bonds of the domination number in operations on bipolar fuzzy graphs like
join, Cartesian product, composition, cross product and strong product.

2. Preliminaries:

In this section, some basic definitions related to bipolar fuzzy are given.

A bipolar fuzzy graph (BFG) is of the form G = (V, E) where

i) V ={v,,V,,...V, }such that ;" : X —[0,1]and s, : X —[-1, 0]
ii) E cV xV where 1, :V xV —[0,1]and gz, :V xV —[-1, 0]
Such that ,uzij+ =u, (viv;) < min(ey” (V) 24" (v;))and

to, =ty (V) <max(ey (), 44 (v;))Torall (vi, v) € E.
A bipolar fuzzy graph (BFG) G = (V, E) is called strong if ﬂ2+(Vi:Vj)ZmaX(M+(Vi):M+(V,-)) and

ﬂz_(vi’vj) = min(zu’l_(vi)’/ul_(vj)) forall (vi, v)) e E.
A bipolar fuzzy graph (BFG) G = (V, E) is called complete if . *(v,v,)=min(s (v).z4" (v;)) @nd

(v, 1Vj) =max(sy (V). 4 (Vj )) forall (vi, vj) €V.
Let G = (V, E) be a bipolar fuzzy graph. Then the cardinality of G is defined to be
Let G = (V, E) be a bipolar fuzz;graph. Then the verte>‘<‘ é;rdinality of G is defined by
V|- Z(1+#1+(Vi)2+/u2_(vi)) forall v,eV .
The number of vertices (the cardinalityVi;:‘ V) is called the order of a BFG and is defined by
0= sl (o )

Let G = (V, E) be a bipolar fuzzy graph. Then the edge cardinality of G is defined by
14+ 1, (V) + 1, (VV,
‘E‘: z( ﬂ2(|J; #Z(IJ)).
(vi,vj)eE

The number of edges (the cardinality of E) is called the size of a BFG and is defined by

5G)= ¥ (1+ﬂ2+(ViVj;+ﬂ2_(ViVJ)) forall (v;v;) e E.

(v,,vj)eE

The degree of a vertex v in a BFG, G(V, E) is defined to be sum of the cardinality of strong arcs incident at v
Itis denoted by dg(v). The minimum degree of G is 5(G) = min{d,; (v)/v €V} The maximum degree of g

56



International Journal of Computational Research and Development (IJCRD)
Impact Factor: 4.775, ISSN (Online): 2456 - 3137
(www.dvpublication.com) Volume 2, Issue 2, 2017

is A(G) =max{d;(v)/veV}.

The two vertices v; and v; are said to be effective neighbours in BFG if either one of the following conditions
holds

i) t, (vv;)>0 and g, (vv;)=0

if) ﬂ2+(ViVj) =0 and x4, (viv;)<0

iii) 1 (vv;)>0 and u, (vv;)<0, (v;,v;)€E

The complement of a BFG, G = (V, E) isa BFG G =(V, E) , where
) Vv

i) = A = for all =1, 2, .,

iii) t, = min(u" ") - " and

"= max(u, )=, forall =12,
An edge (u, v) is said to be strong edge in BFG, G = (V, E) if 1,"(u,v)> (1, )" (U,v), 1, (U,V) < (1, )*(U,v)
e " (u,v) = max{(u,")* (u,v) /k =1,2,3,..n} and

1, (u,v) =min{(1,7)* (u,v) 1k =1,2,3,..n}
A vertex u be a vertex in BFG, G = (V, E) then N(u) = {v, veV and (u, v) is a strong arc in G} is called
neighbourhood of u in G. A vertex ueV of a BFG, G = (V, E) is said to be isolated vertex if
4, (u,v)=0and x, (u,v)=0 forall veV,u=vThat is N(u) = 0. Thus an isolated vertex does not

dominate any other vertex of G.Let G = (V, E) be a BFG on V. Let u, veV , we say that u dominates v in G if
there exists a strong edge between them.

Wher

Note:

i) For any u, veV of u dominates v then v dominates u and hence domination is a symmetric relation on
V.

i) For any veV, N(v) is precisely the set of all vertices in V which are dominated by v.

iii) Ifu," (U, V) < (,7 )" (u,v) and w, (u,v)> (i, )" (u,v) forall u, veV. Then the dominating set of G is V.

A subset S of V is called dominating set in G if for every veV- S, there exist u S such that u dominates v. A
dominating set S of a BFG is said to be minimal dominating set if no proper subset of S is a dominating set. The
Minimum cardinality among all minimal dominating set is called the lower domination number of G and is
denoted by yp(G). The Maximum cardinality among all minimal dominating set is called the upper domination
number of G and is denoted by I'y¢(G).

3. Main Results:

Definition 3.1:

LetAiz(ﬂAi*,ﬂAi’)andAQ:(ﬂ%*,y‘\z’)be bipolar fuzzy subsets of V; and V, in whichV, NV, =¢ and let
B, = (g, 115 )@NAB, =(u5,", 115, ) D bipolar fuzzy subsets of V, xV, and V, xV, respectively. Then we denote
the join of two bipolar fuzzy graphs G; and G, by G, +G,=(A+A, B +B,)and defined as
follows | (4 + 2, ) () = Max(uz, " (%), 22, (X))
{(ﬂﬁ + i, JO) =min(a, (X), a1y, (0)) 1 XV, UV,
(s, + tte, )OY) = Max(aty,” (), 1, (49)) {(ﬂsf + g, )xy) = min(uzg,” (X), 5, (¥)
{(ﬂsl + g, )0 = min(ug (), g, 09)) i Xy € B, NE, (g + 4, JY) =MaX(ptg (X), g, (¥)) if Xy € B/

Where E,’ is the set of all edges joining the nodes of V; and V/, .
Theorem 3.1:

Let G,and G, be a bipolar fuzzy graphs and D,and D, be the minimum dominating set of G, and G,
respectively. Then »(G, +G,) = min(|Dl| ,|D2|): min(»(G,), 7(G,))

Proof:

First we prove D,and D, be the dominating set of G, +G, . If Yy € G,, obviously is dominating by X € D,

since D; is the dominating set of G, .
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If y € G,.Now we prove X € D,dominatesy xe D, G, and y G,.

(ug, " O g, YY) = min(pzg, " (X), 11, (¥))

(1, Y atg, )(Xy) =max(ssg (X), 115, (Y))

Clearly x dominates y. Therefore D, is the dominating set of G, +G, .

We assume D;is not a minimum dominating set of G, +G,. There exist X € D;such that D, —Xis a
dominating set of G, + G, . Therefore X € G, + G, , there exist Y € D, such that

(1, 1, )OY) = min(eg " (X), 5,” ()

(atg, O 1, )(Xy) = maxX(ug, (X), 115, (Y))

This implies D; — X is the dominating set of G, . This is contradicting to D, is minimum.

Similarly we prove D, is a minimum dominating set of G1 +Gz. Let D be the minimum dominating set of
G, +G,.

D|=|D,+D,|
7(G, +G,) = min(?’(Gl)J/(Gz) )
Example 3.1:
a(.3,-.5) (.2, -.5) . b(.2, -.6)
(-2, -
(-3.-.3) {.2,-.3)
J -
-7, --3) (6 -3) ' d(.s, -.4) e(2, -.3) T2,-3) f(a, -4}
Gl
d1={a, c} G2

Gi+G,
Figure 3.1
In figure 3.1 the minimum dominating set of G; and G, are D,={a,c} and D,={f} respectively. The minimum
dominating set of G,+G, is {f}.
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Definition 3.2:
The Cartesian product G1 xG2 is the pair (A,B) of bipolar fuzzy sets defined on the Cartesian product

G, xG, such that

/UA+ (X, %) = min(/'lAl+(X1)1yA2+(X2)) g (X, %)X, Y,) = min(ﬂA1+(X )vﬂsz+(xzyz))

sy (X %) = maX(‘uA;(Xl),,qu?(Xz)) for all (x;,x,) EV1><V2 Hg (X %)(X,Y,) = maX(u,, (X )vﬂszi(xzyz)) for all x,y, € E,
{ﬂ;(xv 2)(y1,2) = Minu, " (%3), 4, (2))

Mg (%, 2)(Y1,2) = max(ug, (Y1), 1a, (2)) OF all Xy, € By
Theorem 3.2:
Let D, and D, be a minimum dominating set of bipolar fuzzy graph G, & G, respectively. Then

(G, xG,) =min{D, x D, -

Proof:
Now we prove D, %V, is a dominating set of G, xG, . Let (U,,U,) & D, xV,. Hence u, ¢ D, ..

Let D, is a dominating set of G, , there exist V; € D such that
,ual+ (U, V) = min(;uA1+ (Up), IUA1+ (1))

/JBl_ (U, v,) = max(,u/sl_ (Uy), /uAi_ (1))

If (vu,) € D, xV,,

fg (U U,)(v,U,)) = min(u " (u,), 1, (U)) VU, €V, g (U, ) (v, U5)) = max(ug (Us), a1y, (U,))
=min((u, " () A s, (), (U,)) =max((uy, (U) vty (W), (U,))
=min(u, " (U) A" () A, " (U,)) =max(py, (U)V (M)A, (Up)
=min(u, " (Uy) A g, (U))min(a, " () A 1,7 (U,) =max(u, (W) v, (Up))max(uy, (V) v g, (U,)
= 15 (UU,) A g1 (v, Up) =ty (U U,) v g (V;,U,)

This implies every (U;,U,) & D, xV,there exist a vertex (U;,U,) & D, xV,such that there is a strong arc
between (Uy,U,) and (V;,U,) .Therefore D, xV, is a dominating set of G, xG, . Similarly we proveV, x D,
is a dominating set of G, xG,

Next we prove D, xV,and V, x D, is a minimum dominating set of G, xG, .Suppose D, xV, is
not a minimal. There exist a vertex (X;,U,) € D, xV,such that {(D, xV,) —(X,,u,)}is a dominating set of
G, xG,. Let (u,u,)eD,xV,, (u;,u,)dominates(X,,u,).Since D,xV, is a dominating set of
G, xG, . Therefore we get U,dominatesX, € D,. Clearly D, —X,is a dominating set of G,.This is
contradict to our assumption D, is minimal. Therefore D, XV, is a minimal dominating set of G, xG, .
Similarly we find V, x D, is a minimum dominating set of G, xG, .

Therefore (G, xG,) =min ﬂDl XV, |V, x D2|}.

Definition 3.3:

The composition Gl[Gz]is the pair (A, B) of bipolar fuzzy sets defined on the composition
*[G "] such that

Ha (X %) = minCu, " (), 1, (X))

{yA (X1, %,) = max(e, (%), U, “(x,)) forall (x,,x,)eV, ><V

Ha" (X X)X Y5) = Min(u, (X )t " (%,Y,)) g (%, 2)(Yy,2) = min(ug " (%,Y,), 4, (2))

{ua (%) (6 Y,) = max(u, (X ).atg, (%,Y,)) forall x,y, €E, |y (X, 2)(Y1,2) = max(ug (X,Y1), ua, (2))

{ug (000X )(2Y2)) = ity (%) 1, (V) bt (6032))

He (%X ) (V1Y) = MaX(uey,” (%), tn, (V2): Moy (XiY1))
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Theorem 3.3:

Let D,, D, are minimum dominating sets of a bipolar fuzzy graphs G, and G, respectively. Then

7(GloGZ)=‘D1><D2‘.
Proof:
Let(u ,v )& D, xD,.
Case(i): U ¢D, and veD,

Let U ¢ D, , there exist U, € D, such that U, dominates u. Then

Mg (U ) =min(e, " (U ), g7 (W) Mg, (U ,U;) = max(u, (U), a2, (Uy))
Now (u,,v) e D, xD,,
Hg (V) V) = g (U ) Ay, (V)
=min((uy," (W), an" U)) A, (V)
=g W) Ay, (V) A (U) A " (V)
= (#n, o 112,) UN) A (ptp 0 112,)" (U,LV)
g (UV)(Uy W) = g (U,Uy) vy, (V)
= max((uy, (U),ptn (U)) Az, (V)
= (U)V py, (Vv U)V (V)
= (a0 t10,) (UNV)V (1 0 1) (U,V)
Hence (U,,V) dominates (U,V).
Case (ii): Ue D, and vg D,
Let v, € D, , such that
ﬂBz+(V’V2) = min(ﬂA; V), ,UA;(Vz))
/JB; (v,v,) = max(u%’(v), /JA;(Vz )
Now (u,v,)eD,xD,,
He (UV)(U,V) =min(u, " (u), g, (V.V,))
= min((uy, " (U pta,” (V)) Atty,” (%))
=ty ) A, (DAL (U A 1, (%))
= (#a, © 1, ) UN) A (1 0 115,)7(UV,)
Hg (UV)(U,V,)) =max(u, (U), 5, (V.V))
= s )V 1, (D) i, (V) Hence (U,V,) dominates (U,V).
=pp UV, (Vv UV u, (V)
= (#a, o 10,) UV V (y, 0 p15,) " (ULV,)
Case (iii): U ¢ D, and v D,
D, and D, be the minimum dominating sets of G, and G, .
Therefore, there exist U, € D, and Vv, € D, such that

pg (U U) =min(e, " (U ), s, (W)
pg, (U ,U) =max(e, (U), a2, (U,))

and g1, (V,V) =Min(ee,, " (V), 1,7 (V)  ptg,” (Vi) =max(uy, (V) 1, (V2))

Let (u,Vv,) € D, xD,,
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pg (UV)W,,V,)) =min(u, (V). (V). 1, (UL))
=min(u,” (V). (V) 1" (W) A, (W)
=, W) Ay, (DA U) A, (V)
= (tp, o ) UV A (g 0 )" (Ug,V)
e ((UV)(Ug,V,)) = max(ay, (V). a4, (V) pt5, (UU)))
= max(u, (W), (Vo) (bt @V a1 (U)) Therefore we get (U,,V,) dominates
=ty W)V s, Vv, UV, (V)
= (ta, o ta,) UV V (a0 pta)" (UL, V)
=max(u, (U,V), s (Ug,V,)
(u,v)inG, oG, . This implies that D, x D, is a dominating set of G, oG, .
Now we prove D, x D, is minimum. Let (X;,X,) € D, xD,, X, € D,and X, € D, . By our assumption D,
and D, are minimal dominating set of G, and G, respectively. Therefore D, —X, and D, — X, are not a
dominating set.Clearly we get (D, xD,)—(X,xX,) is not a minimal dominating set.This implies that
D, x D, is minimal dominating set of G, G, .

Therefore we get (G, ©G,) =|D; x D,|..

a(.3,-.7) (:3,-.5) b(.4,-.5)
(.3,-.3)

;-2. -3) (2-3) d(.s, -.4) -3)
(.3,-4) (.4,-.4) (2,-3) (.5,-.4)
a< (:3,-4) be ce: - £

(.2,-.4)

(-2,-4) (2.13)

2,-4) o (.2,-.4)

(.2,-.6

af 2 2,-5) & (-2,-.3) f.2,-.4)

cf
(.2,-.9)
%3
,'-3 ' 3} '2r' {2'-3}
(.3,-.p
a
(.3,-.3) -3, -.3) g (-2,-3] dg(.3, -.3)
(.2,-.3)
Figure 3.2

In figure 3.2 the minimum dominating set of G; and G, are D,={a,c} and D,={f} respectively. The minimum
dominating set of G, -G, is {af,cf}.
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Definition 3.4:

The cross product of G, *G, is the pair (A, B) of bipolar fuzzy sets defined on the cross product
G, *G, such that
Ha (X Xp) =min(a,” (%), s, (X))
M (X, X)) = max(ee, (%) pa, (X))
Mg (X0 X )(Y1s Yo =min(ug " (% Y:), g, (X,Y,))

ty (X1, %) (Y10 Y2) = max(ﬂsli(X1Y1)lﬂBzi(Xzyz))
for allx,y, €eE, &X,y, €E,
Theorem 3.4:
Let D, and D, be the minimum dominating set of bipolar fuzzy graph G,and G, respectively. Then

7 (G *G,) = minﬂDl XV |, M, % D2|}
Proof:
Let (u;,U,) & D, xV,. Hence u, ¢ D, .
Since D, is a dominating set of G, , there exist a vertex V, € D, such that
,L‘Bl+ (U, V) = min(;uA1+ (Up), /UA; (1))
,UBl_ U, v,) = max(ﬂAl_ (W), ,UA; (1))
Let (v,V,) € D, xV, such that,
Ha (UU,) = min(lupﬁ+ (), ﬂA2+ (u,))
My (UU,) = max(ﬂAii (W), Mo, (U,))

and Ha (VV,) = min(ﬂp,+(vl)’ ﬂA2+(V2 )

Hy (WV,) = max(ﬂp, (W), Ha, ~(v2)

Now

#B+((U1Uz)(v1uz)) = /"A+ (Utp) A gty (V) g (UU)0U)) =y (Ul,) v gz, (VV,)
= (" (W) Ay () A () A (V) = () vy, (U) vy~ () v (V)
= (" () A () A (" (U) A " () = (g ) vy () v (1, () v 1, = (1))
= g (V) A prg, (UV,) = flg, (U)V g, (UV,)

This implies there is strong arc between (U;,U,) and (V,,V,) .
Therefore (U,,U,) isa dominating by (V,,V,).
This implies D, xV, is a dominating by (G, *G,).
Similarly we prove V, xV, is a dominating by (G, *G,).
Hence y,; (G, *G,) = minﬂDl XV, |,V x D2|}.
Definition 3.6:
The strong product G, ® G, of G, is the pair (A, B) of bipolar fuzzy sets defined on the strong

product G, ® G, such that

a4 %) = min(u, " (%), 40" (%,)) 15" (% X) (%, Y,) = min(a, " (), 15" (%,Y,))
{:uA(Xll X,) = max(,uAl’(xl),yAz’(xz)) for all (x,,%,) eV, xV, |1 (X, %)X VY,) = max(u, (X), 5 (%,,)) forallxeV,&xy, € E,

pg (4, 2)(y,2) =min(uy " (4,), 1" (2)
"
{u;«xlxzxylym—min(ua;(xlyl %Y.))

Hg ((4X)(V1Y2)) = max(ug (X,Yy) g, (X;¥,)) for all (xy,) € B &(x,¥,) € E,

N
El

(x,2)(
(X, 2)(y7) =max(ug (xY,).4s, (2) forallzeV,&forall x y, ek,
Jotg, (
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Theorem 3.5:

Let D;, D,are minimum dominating sets of a bipolar fuzzy graph G, and G, respectively. Then
7(G, ®G,) :|D1 X D2|.
Proof:
Let(u ,v )& D, xD,.
Case(i): U ¢D, and veD,
Let U ¢ D, , there exist U, € D, such that U, dominates u. Then
,uBlJr(U Up) = min(ﬂpj(u ), ,UA1+(U1))
ﬂBl_(u Up) = max(/uAi_(u)’ ,UA,_(ul))
Now (u,,v)e D, xD,,
Mg (U)W V) = gy (Uyuy) A gy, (V)
=min((up, " (U) a, " (U)) Apts, " (V)
=g W) Ay, (AL, (U) A g, (V)
=(ta, ®p1n,) UV A (up, By ) (U V)
pg (UV)ULV)) =g (U L) vy, (V)
=max((u, (U), 4, (U))Ap,, (V) Hence (Uy,V) dominates (U,V).
=up UV (Vv (U)V (V)
=(ta, ®ptn,) UV)V (1n 0 us,) (U,V)
Case (ii): ue D, and v D,
Let v, € D, , such that
,UB:(V’Vz) = min(,quJr (v), ﬂA2+(V2))
g, (V,V,) =max(e,  (V), s (V,))
Now (u,v,)eD,xD,,
Hs ((UV)(U,Y,)) =min(uy " (u), i, (VV,))
=min((py " (W), (V) Apty, " (V)
= () A p, () A W) A, (V)
=(up, @ ptp,) UNV) A (up B pay ) (UV,)
te (UV)UV,)) =max(u,, (), s, (VV,))
=ty WV, () Vi, (V)
=y WV, (v UV, (V)
=(ua, ® puy,) UV V (uy, Bty ) (UV,)
Hence (U,V,) dominates (U,V).
Case (iii): U ¢ D, and v D,
D, and D, be the minimum dominating sets of G, and G, .
Therefore, there exist U, € D, and Vv, € D, such that

,UBl+ (u,u)= min(,uAiJr(u ) ,Up; (u))
(U ) = max(a, (W), 1, (1)
and ,1152+ w,v,) = min(ﬂAz+ V), IUA2+ (v,))
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Mg, (v,v,) = max(,qu_ v), Ha, (v,))

Let (u;,v,) e D, xD,,

te (@V(UV)) = min(ue, " (WU ) tzg. " (W)
=min((n " () Ay (U)) (1n," W) Ay, (V)
=45 U A " (DAL, W) A 2" (V)
=(ta, ®115,) UV A(up, ® p1n,)" (U V)
= mina,” (). (V)
and
pg (U V) V,)) = max(ug, (UU,), a5, (VY )
= max((, () v (W), (t, () v i1, (%)) Therefore we get (Uy,V,) dominates (U,V)inG, ® G, .
=ty UV, (Vi UV, (V)
= (tp, © pry, ) UV V (1 ® ) (U, V)
=max(u, (UV), gy (Uy,V,)
This implies that D, x D, is a dominating set of G, ® G, .
Now we prove D, x D, is minimum.
Let (X;,X,) e D, xD,, X, eD,andx, € D, .
By our assumption D, and D, are minimal dominating set of G, and G, respectively. Therefore D, — X, and
D, — X, are not a dominating set. Clearly we get (D, x D,)— (X, x X,) is not a minimal dominating set. This
implies that D, x D, is minimal dominating set of G, ® G,

Therefore y(G, ®G,) =|D, x D, |..

ﬂl;h - g -3 A, -.3)
a3, -7
.'-.-
s
=R | (-8, -.Z) -l_-":;l:J_ -5
.'-
i r
3.3, ~. 71 {2 5] B3, -5 "'l:lrl_q_ =)
G'_ GE
T T T
Ny bal.2, -5 T
T -s5) e = 0.1, -.2] S P | Lo - T [.3.-.71
e E——
Tl e 1L e
~ T _———‘_fﬂ__ \ L—""'fa'-' .
-"ﬁ"‘\-\,_ [-2 -5 _— '\-\..__\_H_': 3,3 I3, -8
| -5 ..., _'___,—'——'_ e ——E -3 -~ e 1
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Figure 3.3

In figure 3.3 the minimum dominating set of G; and G, are D,={a,c} and D,={e} respectively. The minimum
dominating set of G, - G, is {ae,ce}.
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