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Introduction:

The classical measure for an insurance risk is the ruin probability. This is the probability that the
surplus process of an insurance company becomes negative in finite time. Ruin probabilities are, from the
perspective of a risk manager, the natural dynamic counterpart of the value at risk. We say that ruin occurs
when the surplus process, modelled as a stochastic process, becomes negative for the first time. The ruin
probability indicates the soundness of the insurer’s combination of the income of an insurance company plus the
initial capital on the one hand and the claims process on the other. Also, we obtain a useful tool for portfolio
comparison. But despite these positive points, the use of ruin probabilities has been criticised. For instance, the
ruin probability does not take into account the time of ruin nor the severity of ruin. Let X be the underlying
surplus process with x - x. Let Y be an increasing process with y, —o. The process with capital injections is

NS
%\’o\\
%, )

\ Joury,

<O
onat
&L

I~
(o

denoted by xY = x, +v,- We define the value (x)=E [r e-tdY,]: where §>0. The injection process Y has
*tJo
to be chosen such that x> o for all t (almost surely). The value function is defined as V(x)= inf v" (x), where

the infimum is taken over all cadlag processes Y such that XtY > Ofor all t. Because of the discounting or

because ruin is not certain, it is not optimal to inject capital before it is really necessary. We allow the insurer to
invest the positive excess in a riskless asset with a constant interest rate m. We are also interested in finding the
optimal reinsurance strategy and the value function as the infimum of all possible expected discounted capital
injections due to admissible reinsurance strategies.
Ruin:
The event that the process X; =x +ct—%z' is defined, ever falls below zero is called ruin. The time T
i=1

when the process X; falls below zero for the first time. T = inf {t > 0: X;> 0} is called ruin time. As severity of
ruin one denotes the absolute value X |- The probability of ruin for the initial capital x is then given by
x(X) = P[T <cofX¢=x]
Return and Value Functions:

The risk measure connected to some admissible strategy pair (A,B). We choose the value of expected
discounted capital injections with some discounting factor & > 0.

V() = inf o)V A2 (x) = inf ) E[[ e *dY*°]

Brownian Motion Process:

The stochastic process {x(t), t=0} is called a Brownian motion process. if, (i) X(t) has independent
increments, i.e., for every pair of disjoint intervals of time (s,t) and (u,v), where s<t<u<v, the random variables
{x(t)-x(s)} and {x(v)-x(u)} are independent. (ii) Every increment {x(t)-x(s)} is normally distributed with mean
u(t-s) and variance o”(t-s).

Standard Brownian Motion:

A Brownian motion process {x(t), t>0} with x(0)=0, pu=0, =1 is called a standard Brownian motion
process.

Bounded Variation:

A real-valued function f on the real line is said to be Bounded Variation (BV function) on a chosen
interval [a,b] R if its total variation is finite. i.e., f ¢ By([ab]) <V (f) <+

Proportional Reinsurance for a Diffusion Approximation:
Consider the surplus process of an insurance company, where the time horizon is infinite:

Nl
C =x+ct-Y Z, @)
i=1

Here {N} is the Poisson process with intensity z>0 and {z},, is a sequence of independent and identically
distributed random variables. The z, are assumed to have a distribution G with ,—g[z,] and z, = E[Z?] <o,
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and to be independent of gn3. The premium income of the insurer is c=(1+7)4u for some ;0.

Furthermore, the insurer can buy proportional reinsurance. That is, the insurer has to choose a retention level
be[0,1] and the reinsurer carries (1-b)z, from each claim z . The premium rate remaining to the insurer

calculated by an expected value principle is c(b) = Aub(1+6) — Au(0 1), where @ is the safety loading of the

reinsurer. In order to avoid the case where the insurer can get rid of the risk by buying full reinsurance and still
receiving a non negative premium, We assume that 9> ; . The insurer can change his retention level

continuously. A diffusion approximation to the above classical risk model then fulfils the stochastic differential
equation. dx® ={iu[b,6— (6 —n)[}dt+b/Au,dw,, Where {w}is a standard Brownian motion. In the section
we work on a probability space (€2, F, P) containing the Brownian motion {w3. We call the reinsurance
strategy B ={n} admissible if it is adapted and cadlag, and b, €[0,1] for all t; the set of all reinsurance strategies

is denoted by U. Since b, is bounded and cadlag, the integrals are well defined. Now we allow the insurer to
earn interest on positive surplus with a constant force of interest. It is clear that if X is at 0, we must inject
capital to stop the process entering (-,0). We interpret Y, as the cumulative capital injections up to time t and

associate with Y® ={v,°} the controlled process with capital injections.
dX 27" ={mX " + Aulb & - (0 - )}t + by A, AW, + Y
for a constant interest rate m>0. Because the preference rate & is nonnegative, we should inject capital only

when the process becomes negative and only enough to allow the process to shift to 0 again [3]. That is, the
smallest non decreasing process {Y,} such that x&vm>o forall t. Itis well known that the process Y exists.

Note that as a non decreasing process, y® —{y?} is of bounded variation. We want to measure the risk,
connected to some reinsurance strategy B, by the expected discounted capital injections VE(x)=E [reﬂ*dyf].
*o

Our goal is to find the value function by minimising v®(x) over all admissible reinsurance strategies:
V(x):= inf V3(X)
It would seem natural that & > M. Indeed, if & <M , the capital injections would be discounted at a lower
rate than the surplus. However, we do not make a restriction, and allow all 6 >0 and m > 0. It is clear that the
value function V( X ) is decreasing. In particular, we obtain, for the constant strategy B =0 before ruin occurs,
XO™ =X~ Au(@~mt+m[ X2ds
= (X=Au(@—m)m™)e™ + Au(9 - m)m*
Since it holds that xom o forall tif x> Au(@-7), we conclude that {y°y=0. Therefore, V(X)=0 for

x> Au(0@—n) . Thus, we have to consider only 0<x< Au(6—-n)m™.

Remark:
Let {x 3 be a process fulfilling the stochastic differential equation dX, =a(X,)dt+o(X,)dw,, Where

a and o are functions such that the above equation has a unique strong solution. The process with capital
injections then fulfils dx =a(X,)dt + o (X, )dW, +dY,, Whereas Y is the local time of the process at 0. The

corresponding return function v/ (x) =g [re"idYt] solve the differential equation
*Ho

ZOV(x)+a(V' () -V () =0 for x>0,
and fulfils V'(0)=-1 and Ilim Vv (x)=0[4]. we also know that every solution f(x) to the above differential
equation, vanishing at oo, has the form ¢, _ POEL[ ey, Now equipped with the knowledge of how to
calculate the return function for a given reinsurance strategy B, we illustrate the method by an example.

Example:
Consider a constant strategy B =b <[0,1] the corresponding return function v®(x) solves the differential

equation b2/21u2 £(x) + (Mx+ A (bO— (@—m) F'(X) — & (x) = 0 With the power series method we find that solutions to

the above differential equation are given by

n )
”H(m+272k]( 2m
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Using the initial conditions |im _ v®(x)=0 and (v°)'(0)=-1, we can calculate the coefficients c,and C,. Let,
for example,b =0.5,4 = u =1, 1, =2,6 =0.5,17 = 0.3,5 = 0.04, and m=0.03. Then we obtain
C,=4.084921164 and C, = —1.947322694
Changing the parameter ¢ to ¢=0.8 yields C, =0.9686572638 and C, =-0.4617685869 Recall that
V(X)=0 for x> 4u(0 —m)m™. For x < 4u(6—n)m™, the Hamilton - Jacobi-Bellman(HJB) equation is given by
S AN (0 (X~ (0~ + AuDON (9~ (X) = O

We abandon the explicit derivation of the HIB equation. Note that if the value function is twice

continuously differentiable and solves the HJB equation above, it must be strictly convex. In fact, choosing
A - Az - -
g_% (note that p <[0,1] ) we obtain %iﬂzb V"(x) =&V (x) > 0- Since V(X)>0, convexity follows,

We make the ansatz V (x) = C(m A (6 —17)—x)* For some C>0and k> 1. Then (1.2) reads

0= %ﬂﬂzbzk(k —1)(M™ A (0 —1) %) ~{mx+ ulb & — (0 -]}

k(M™ 2 (0 —1) = x) 7 = S(m™4u (6 1) —x)*
The optimal b is then given by p(x) — Ou(mAu(0=n)=x) | 3)
(K =1)
Provided that p(x) <1, i.e. X is close enough to m™Au(@—-n). If b(X)>1, no reinsurance has to be
chosen. Plugging in the optimal b( X ) and dividing by (m™4.(6-7)-x)*, we find that
L )
24, (k=1)

b=1-

Solving for k yields the solution

2 2 2,22
&12+mﬂ2+192ﬂ +\/(é}1z+mﬂz+ﬁ'€2ﬂ ] —4mu;5

2my,

k= %)

Note that the other solution is smaller than 1.
Remark:
Let X" = X Y™ with initial value 0<x < Au(6@—7)m™, where the reinsurance strategy b( X) is given

in (1.3). Consider the process Z, = m’lﬂ,u @-n)- Xt* for te[0,77], where 7" =inf{s: X_ =0}.
Then g7 _ A0, g —(W - mjztdt
1 (k=1) 14, (k=1
This means that {Zt} is a geometric Brownian motion. Taking the logarithm gives
d(log(Z,) = — 2,01 dw, + [m _ A (k1) Zl)jdt,
1, (k=1) 20, (k1)
In particular, the surplus X” will never reach the value m4. (6 — 1) , where full reinsurance would be bought.
The considerations we used in deriving (1.3) are of a heuristic nature.
Theorem:
Define x: ={m™*4u(6-1) - u,(k —1)/ gu}v 0 Then the strategy
0, x=mu®d-y),
b (x)=1b(x), X< x<m*iu(6-n),
1, x<X

Where b( X) is given in (3), is an optimal reinsurance strategy. The function f( X ), given by
0, x2m™2u(0-n),

f,(x), X<x<miu(@-n),

fi(x), 0O<x<X,

f(0)-x, x<0,

f)=
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With [Teme2-20, lema20,
k=1 -1y2n
f,(x)=C, 1+n2:1:—(2n)! [Ez] (X+ Aunm™) +C, X+/1l”7m71+n2:; k=1 il [EJ (X+ Aupm™)2
and 1,00 = Cy(r 4@ -n) -

where Kk is given in (1.5) is twice continuously differentiable, solves the HIB equation (1.2), and f( X )=V(X). If
X >0, the coefficients c,, C, and ¢, are uniquely determined by the system of equations
f,(0)=-1 f(X)=f,(X), f"(X)=1£,"(X);
If X <0, c,isgivenby f,'(0)=-
Proof:
We have already seen that f( X) solves the HIB equation (1.2) in the interval (X, m™Au(0-7)).

From Example 1.1 we know that  (x) solves (1.2) provided that pb"(x)=1. It therefore remains to show that the
infimum really is attained at b*(x) =1 for X € [0, X]. Note that since ¢z f,x) and  £"(x) = f,"(x), we have
b*(X) =1. Assume that X > 0, otherwise there is nothing to show. Note that
26— ) ﬂz(; ~1) 5 o holds if and only if

/]

Consider the HJB equation (1.2) with the function f(X). Since the minimum is attained at

b (x) = —#H () 4, we need to show that g(yy._ ,qu (x) >1 for all xe[0,X] .Assume for the moment
#1110 ﬂzf (X)

that there exists some x [0,X] with g(x)<1. Because g(X) =1and g is continuous, there exist some interval

[a,b]=[0,X] and x" [a,b]such that g'(x) >0 on [a,b] and g(x") <1 .

So we know that g (xx) = _Ou Ouf (x) f*'"(x*) - 0- It readily follows that
i FUO0)?

1 WO ) —af' ()~ (X)_g( x)—Hef (X) — 4y (X)
f, (x)? mH ) oy (X) Oufy" ()
Because g(X*) was assumed to be smaller than 1, — 4, f, (X) has to be larger than 1. The function f,(X) is
ouf," (x")

smooth. From Example 1 we know that f () fulfils the differential equation

A " '
D00 + (M Au) (9 = 8, (x) = 0
From which we obtain the following representation: 4 £, () +{MX + Aun}, () = (S —m) £,'(X) =0
2

Rearranging the terms, dividing by ¢ ~(x"y and using (1.4) yields, for 5>m,

—fO0) e 2600 2 2;1 2 o
970~ ™ o0y 2_tmx’ + Jun} < (8- Wieys 0% +/wﬂ{mX+ﬂm}
2u 2 mu, (k —1) k

=(5—m)—=£2 Aug——+22" I B
=(0-m) 27,2 /wu{“ il k-1

k-2 <1,
k-1

Where we used the definition of k. This is a contradiction. For m > ¢, we also obtain a contradiction.
Because f,'(x) <0 and f,"(x) >0, We have, from the definition of k,

—Hp flf'(f*)<2_ mk <1

Ouf, (X7 mk — &
Now we will show that f( X )=V(X). Consider an arbitrary admissible reinsurance strategy B ={}, and define

X, = xerm. Then x is given by the differential equation g X, ={m X+ 4u/B6 — (@ - n)] jdt+ by /A4, AW, +dY,?
Let x =m'Au(@-n)-n'. We suppose that n is large enough that x -%. Furthermore, let
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7, =inf{t: >2t >x }and z, =lim,_ 7, =co. Since f(X) is twice continuously differentiable, x >o, and f

(0)=-1, using (1.2), we apply it ’s formula to the function e ' f () to obtain

T At

e 0 £ (X u) = F(0)+ ]

0
[ (X, W,
> £+ [ e dYE + [ e (X5 )b, A, AW,

0

e £'(X)AYE + [Me D, , F (Xs) - o (Xs)}ds

2
Where D, s f(x) = % £(X) +{mx + Au(b,0 — 0+ 1)} '(X)

is the infinitesimal generator of the process ths'm. Because the derivative of the value function is bounded,
we can conclude that the stochastic integral is a martingale with zero expectation. Thus, taking expectations of

both sides of the above inequality we have f(x)<E [e ™V f(X_ )]+E [fr”Me“*dYB]
X A xLjgy s

Letting n — oo We obtain, using the fact that f ()A( 0)=0, f(x)<e™E,[f ()A(t); 7, > 1]+ EX[J'OTOAt e dy?

Since f( X ) is bounded, we can let t — oo, yielding f (x) <E U e—a‘deB} <E UwefﬁdesB}
X o S - X 0

This implies that f(x)<v(x). Repeating the calculations above with the proposed optimal strategy, the

inequalities become equalities. This proves that f( X )=V( X).
The Classical Risk Model:
We consider the classical risk model (1.1). The probability space (Q,F,P) is assumed to contain the

compound Poisson process %Z. . By Z we denote a generic random variable with the same distribution as z.
i=1

The insurer can buy reinsurance. In contrast to the previous section, we now allow more general reinsurance
treaties. In the examples we will again return to proportional reinsurance. Choosing the level <o b7, the

insurer pays r(z, byfor a claim of size z. Here b=0 means ‘full reinsurance’ and p=b € (0,00] means ‘no
reinsurance’. For example, for proportional reinsurance, r(Z,b)=bZ and p<[01]. For excess of loss reinsurance,
we obtain r(z,b) =min{z,b} and b €[0,0]. For the reinsurance cover, the insurer pays a premium at rate c-
c(b). That is, the premium rate left for the cedent is c(b). For simplicity, we assume that r(z,b) is continuous
and increasing in both z and b, and that c(b) is continuous and increasing with ¢(0)<0 and C(E) =C. The
assumption that c(0)<0 is needed in order that the problem below is not trivial. For example, if the reinsurer
uses an expected value principle with safety loading &, we obtain
cb)=c— @A+ O)AE[Z —r(Z,b)] = A+ O)AE[r(Z,b)]— (8 —17) At -

The condition ¢(0)<0 is fulfilled if ;. The insurer can choose the level bt at any time point t . Because no
information about the future can be used, the process g3 is assumed to be cadlag and adapted. The surplus of

Ny

the insurer including reinsurance then has the form X? :x+j;c(bs)ds—2r(zi,bn,)' As before, the insurer can
i=1

invest his money, if his surplus is positive, with a fixed rate of interest m>0. To prevent the surplus process

becoming negative, the insurer has to inject additional capital. We denote the accumulated capital injections

until time t by {YtB}. The surplus process therefore has the form  s.n =x+f(c(b )+mXB,m,v)ds_ir(z_ b )+Y?
t o S s = (Rt PR t

We are interested in the minimal value v (xy = inf E[rﬁeﬂstdYtB]. Because of the interest, we do not need to
0
assume the net profit condition 7 >0. Note that the process has deterministic paths between the claim times.

Let {1 } denote the claim times. Then we have, for t<T,, X2 = X+_|.t0(bs) + mJ"XSB*mds, So that we can write
0 0

X" = ([ c(b,)e ™ ds-+x)e™.

Lemma:
The function V(X) is decreasing with V(X)=0 for x>—c(O)m™. It is Lipschitz continuous with

V) -V(y)|<x-y -
Proof:
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It is clear that V(X) is decreasing. That V(X)=0 for x>_coym* follows as for the diffusion

approximation. Let z> X, and let B={b } be a reinsurance strategy for initial capital z such that v®(z) <v (z) + &
For initial capital X, choose the strategy 8 (which is not optimal): inject the capital z- X and then follow the

strategy B.  Thus, v(x)-V(z)<VB(x)-VB(z)+e = z—x+& Because & is arbitrary we have
V(x) -V (2) <|x—7: which proves the Lipschitz continuity. As a consequence, V( X) is absolutely continuous.
We conjecture that the value function V( X)) solves the HIB equation

b:[";m A[V (x=r(2,b))dG(2) + (c(b) + MV (X) = (5 + AV (x) =0 (6)
Remark:
(Optimal strategy at X =0) Suppose that the premium rate function c(b) is calculated by the expected

value principle: c(b) = A(L+ 8)E[r(Z,b)] — Au (6 — 7). Consider the initial capital X =0, and let b, be the root of
the equation c(b)=0. Assume for the moment that a strategy b with c(b) <0 is optimal at X =0. Since the
surplus never leaves the value 0, we have V(0) = E[ir(z. b)e_;ri]_@ _ JE[r(Z,b)]-c(b)

=a 5 s
From the HIB equation (2.1) we obtain by rearranging the terms,

V(0)= g[E[r(Z,b)] +{{L+ O)E[r(Z,b)] - (0~ )V (O]
We conclude that V'(0)=-1. The implies that the right hand side of the above equation is decreasing in b;

hence, b = b, would be optimal. In particular V(0)= AE[r(Z.b)]. Let K,& >0 such that k > c(b)e. Consider
o

the strategy b, = by This strategy has the value bounded by

t>Tyne}’
e*““”f(g E[r(Z,bo)] - i §c(5 )g(l—G(k))j + ! [y +§ E[r(Z,by)]-c(b )t(l—G(k)))/le(;”*‘S)‘dt

Taking the derivative with respect to & shows that the function is decreasing in &, with a derivative bounded
away from 0. Thus, for small enough k and &, the above strategy yields a smaller value than the strategy
b, =b,- This shows that b, cannot be optimal. Equation (6) at X =0 reads

T E[r(Z, b)I[L+ L+ OV (0)] = A (O — V" (0) =V (0) =0
b [0, b]
We see that the minimum is taken either at b=0 or b=p . Because b=0 is not optimal, we conclude that b=Db .
In particular, we obtain V'(0)< -1 and V,(X)<—71 for x€[0,y) and some y>0. By the continuity of
1+0) 1+06)
the left-hand side of (6), we conclude that p*(x)=p for small enough X. That is, no reinsurance is taken for

capital close to 0.
Remark:

Consider the function g, (b) = (c(b) +m)V'(x) = (5 + AV (x) + 4] V (x—r(z,b))dG(2) - L€t b,b, <[0,b] and
b, >b, . Then from the Lipschitz continuity of V( X) for every xc[o,.c). We obtain

0,(0) — 9, (6,) = 2| (V(x—r(2,0)) -V (x— 1(z,5,)))dG(2) + (c(by) ~c(b,)V'(¥)
=4[V (x=1(2,)) -V (x=r(z,b,)) +{r(z,b) ~(z,b,)}+ O)V' (x))dG(2)
< /lf{r(z, b)—r(z,b)}1+ @+ G)V'(X)]dGC(z)-

The condition Vix) < 1 implies that ¢ () is decreasing, so that the minimum is taken in b=b, which is
T @+6)

then the optimal strategy if V( X) is differentiable in X. On the other hand, if b (x)=b < b is optimal for some

X € [0,0) then it must hold that V'(x) >—71 . We did not establish that the value function is continuously
@+6)
differentiable, even though the authors believe that this is actually the case. We therefore now give a sufficient
condition for continuous differentiability.
Lemma:
If the value function V( X)) is convex then V( X ) is continuously differentiable.

Proof:
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Let bo( X ) denote the root of the equation c(b)+m X for X >0, and define
f(x):= ZJ.:V(X—r(bO(X),Z))dG(Z)—(5+/1)V(X)' By (6) f(x)>0. Let V'(X-) and V'(X+) denote the derivatives
from the right and from the left, respectively. Assume now that there exists x < (0,00) With v'(X-) <V'(X+). By
Theorem f(x)=0. Since in 0 we only consider the derivative from the right, we have X >0. Without loss of
generality, we can assume that V(X) is continuously differentiable on (0,X) which means that f(X) is
continuously differentiable on (0,x). There exist sequences (h, ), €(0,X),lim,__ h =X, with f'(h)<o and

(Xn) oo € (X,0),lim X, =X, with f(x)>0. Lettingntendto co we obtain
A7V (X = r(0,(x),2))dG(2) - (5 + AV (X-) < 0

A j:V'(i —r(by(X),2))dG(2) — (5 + AV (X+) = 0"
Thus, v'(X+) <V'(x-). Which is a contradiction.
Examples:

Let us first note that in the case of proportional reinsurance we find, as in the case without an interest
rate [2] that the value function is convex, provided that c(b) is concave. By Lemma 2.2 we can conclude that
the value function is continuously differentiable. The problem in the numerical calculation of the value function
is that we do not have the initial value V(0). But since we know V(X )=0 for x > 1.(6—-n)m™, the calculation

of the initial value becomes less complicated than in the case without an interest rate. Solve (2.1) with the initial
value V,. Let us denote the corresponding solution by f(x;V,) We then have to find V,, such that
f(-m™c(0);V,) =0- If v >v(0) then we would obtain  f(—mc(0);v,) >0. For a proof of the above statement,
define g(x):== f(xV,)-V(x) If V, >V(0), We have g(0)>0. Let p*(x) denote the optimal strategy for V( X),
and let by(X) be the root of the equation c(b) + m X = 0. Replacing the optimal b for f( X) by " (x) yields
(c(b"(0) +mN)g' () + 4| g(x~b"(x)2)dG(2) - (5 + 2)g (x) > 0- U]

Note that g(X)=g(0) for X<O0. Because g(0)>0 and b"(0)=1. it follows that g'(0)>0. Let
R=inf{x:g'(x) <0}. Because g(X) is increasing, we conclude that p"(x)>h,(x) ON[0, §<). From (6) and
Lemma, we conclude that  p*()>p, (x) also. Because g( X) is increasing on[0,%], it follows from (7) that

(c(b"(x)) +mx)g'(x) >0, Which is a contradiction. So the function g( X) is strictly increasing on R, Therefore,
f (x;v,) Will ultimately be increasing.

Remark:
For the special case s-0, we can show the existence of a strong (continuously differentiable) solution
to the corresponding HJB equation.

inf 2 j;"V(x— r(z,b))dG(z) + (c(b) + Mx)V'(x) = AV (x) =0
be[o,b]
The starting point is to rewrite the HIB equation using Fubini’s theorem i.e.

A I:X'b)r(z,b)dG(z) _ A (1-G(s(X.b)) X =4 .T(l—G(s(y,b)))dy'

Where s(x,b) =inf{z: r(z,b) > x}
Numerical Examples:
Example 1:
Consider the parameters n1=0.3, A=p=1, n,=2, 6=0.04, 6=0.8, and m=0.03. It is easy to verify that

k=7.49, X =0.4416 , Au(6- n)m™=16.6 and that the optimal strategy on [0.4416, 16.6] is given by

13.3-0.8x
b(x)=—"r——"F

12.98
133-0804) 1298 _,
12.98 12.98
13.3-0.8(4.45)  9.74
1298  12.98
b(4.45) =0.75

=8.5 13.3-0885) _ 65

PBA) = 12.98
b(8.5) = 0.50

x=0.4 b(0.4) =

X =4.45 14 45) =

X
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133-081255) _ 3.2

12.98

13.3-0.8(16.6) _ 0.02

12.98 12.98
b(16.6) = 0
X b(x)
0.4 1
4.45 0.75
8.5 0.50
12.55 0.25
16.6 0
1.2
=
0.8 \
X 0.6
0.4 \\
0.2
0 N
0 5 10 15 20

X

Figure 1: Optimal Strategy for b*(x)

(Proportional reinsurance for z. ~ Exp(1/ 4))- We consider here only the proportional reinsurance, i.e.

r(z,b) = zb. All the considerations concerning the functiony(xy in the 5> 0 case also hold in the 0=0 case.
But here it is easier to consider the derivative (\/1)'. For the exponentially distributed claim sizes,
Z, - Exp(L/ ), We have to solve the integro-differential equation

= A[V1Y ()6 Dy eV () + e = 0.

A«
This equation is easy to solve, and we obtain as the derivative (Vl).(x):_ﬂ#(Hijm-le‘ﬂ for x=>0.
c c

Choose z=4=1, m=0.03, #=0.5 and ; =0.3. The optimal strategy for Z; ~ Exp(i) is given.

C

=-0.3 VYY) = _ﬂ(l_‘_%)ﬁe*;

c

-0.3

7]

(0.9)1.030

o
x=1 viym= —_(](.))(;.) (1+ (0'03)(1)j0'0}1e’“1: 3.333(1—0.1) %% 1= 3333 (0.368)

X=2 (v')(2)=

= (3.716)(0.368) = 1.37

-0.3
= (4.192)(0.135) = 0.57

- _(t)(;) (1 . (0-03)(2)]m g2 = 3333(1-02) "= 333 .0

(0.8)1'030

X=3 viy@*= __(1)(;) (1+ (0'03)(3)jme*3” = 3.333(1-0.3) "% = _3.333_ 1 197y

-03
= (4.8095)(0.0497) = 0.24

(07)1 030

x=4 Yy 4)= -0 [1+ (().03)(4)}@674,1 =3.383(1-0.4) 1% = 3333 1o
-03

X=5 (v)'(5)=-OQ
0.3

-0.3
= (5.6395)(0.018) = 0.10

-0.3
= (6.806)(0.007) = 0.05

s= 3.333
(0'5)1.030

1
(1+ (0.03)(5)jm o511 3.333(1-0.5) 1% =_2299 4 557y
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1
=6 iy = — Q@ 0.03)(6) \oos1 4, = —0.6)1030g6 = 3.333
X=6 V1y(6) 7(0)(3) [1+( 70'):5, )j g6 —3.333(1-0.6) e 04 (0.002)

=(8.568)(0.002) = 0.02

x=7 iy(7)==-0O (1 . (0_03)(7))m g7/ T3333(1-0.7) "7 = 33384 5,
~03 ~03 (0.3)2%%

= (11.533)(0.001) = 0.01

X (v1)'(x)
1 1.37
2 0.57
3 0.24
4 0.10
5 0.05
6 0.02
7 0.01

1.6

1.4 \

0.8 \

0.6 \

0.4 \

0.2

0 o &

Figure 2: Optimal Strategy for Z;~ Exp(1/p)
2
CTOE Wy =1 e

C

1
x=1 VY= —_(](_))(i_) [1+ (0?3):1)]0‘0&1871,1: 2'5(170.075)71.030(371 = 2.51030 (0.368)
. . (0.925)

= (2.709)(0.368) = 0.997

X=2 viy@)= -0 (1 N (0-03)(2)jm e2n T251-0.15) "% =25 ;a0
70‘4 70‘4 (0.85)1.030 "
= (2.955)(0.135) = 0.399
X=3 (V') (3)= —(l)(l)( (0,03)(3))m 1= 25(1-0.225) %2 = 25
04 1+ oy e W(O.MW)

=(3.251)(0.0497) = 0.16
xX=4 o= — (DA 0.03)(4 ﬁ _an= _ -1030,4 = 2.5
vy = ~00 [1+7< oo )j e T250-09 e = B0 0o
=(3.608)(0.018) = 0.06
X=5 (V1) (5) = —(1)(1)( (0-03)(5)jm 511 =25(1-0.375) %% = 25
-04 o -0.4 ¢ (0.625)"%%° (0.007)
= (4.058)(0.007) = 0.03
=6 yvpy = — (1)1 0.03)(6 @ e = _ ~1.030,,-6 = 25
X=6 vy () 7(0)(4 )(1+( 70.)2 )) e 2.5(1—0.45) %% W(O_ooz)
= (4.6296)(0.002) = 0.01

X=7 (viy(n= OO (1 +(0-03)(7)jmem=2.5(1—0.525)‘1'03"e'7= 25__ 0001
-04 -04 (0.475)+°%°

= (5.376)(0.001) = 0.01
X (VY'(x)
1 0.997
2 0.399
3 0.16
4 0.06
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Figure 3: Optimal Strategy for Z;~ Exp(1/p)
Conclusion:

In our dissertation we have considered a classical risk model and its diffusion approximation, where the
individual claims are reinsured by a reinsurance treaty with deductible. In addition the insurer is allowed to
invest in a riskless asset with some constant interest rate m > 0. We have discussed, the concepts of (i)
Proportional reinsurance for diffusion approximation, (ii) the classical risk model and have presented some
definitions and examples. This project is used to minimise the expected discounted capital injections over all
admissible reinsurance strategies and to find an explicit expression for the optimal strategy using Hamilton-
Jacobi-Bellman equation.
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